The paper is devoted to a description of quantum group structures in the geometric quantization of a self-interacting string field, which appear under a transition from a tree-level of the theory to the account of loop effects in nonperturbative quantum field theory of strings.
Theory of strings, which is the most perspective approach to the unification of Standard Model and its supergeneralizations with quantum gravity in the unified consistent theory of elementary particles and their interactions, exists in two forms: as a theory of the first quantized strings (string quantum mechanics) and as a string field theory (theory of the second quantized strings) [1, 2] . One of the advantages of the first approach besides the technical circumstances is the clarity of a geometrical description of the particle interactions, whereas its essential deficiencies are, first, a difficulty of the consistent account of the nonperturbative effects, second, the explicit dependence of the formulation of theory on metric and topology of the background. Both difficulties obstruct to use the theory as for the problems of quantum gravity as for the unified quantum description of gravity and Yang-Mills fields of Standard Model and its supergeneralizations. The second approach combining string and quantum field ones is free of such disadvantages (and, moreover, is of interest for the quantum field theory of vortices in the quantum fluids), but, its comparative difficulty and awkwardness in the concerete computations as well as abundance of heterogeneous and unrelated directly concepts made its applications very inconvenient. In the author's papers [3] (see also [4] ) there was given a unified formalism for the string field theory based on the geometric quantization, which allowed to connect other known approaches, for example, the Witten's polynomial (cubic) string field theory of 1986 [5] , the Aref'eva-Volovich approach, the central place in which belongs to the nonassociative string algebra [6] , the nonpolynomial string theories of B.Zwiebach and other authors [7] . It was found that despite of the all variability and elegence of algebraic structure of the first quantized string theory, which includes the Kac-Moody algebras, the Virasoro algebra Cvir, the Virasoro-Bott group Vir, the Neretin semigroup Ner, the mantle Mantle(Vir) of the Virasoro-Bott group, the conformal category Train(Vir), the train of this group, and the conformal modular functor among others (see, for example, [1] [2] [3] and references wherein), the algebraic structure of the string field theory is not less interesting and substantive, and the independence of the theory itself from metric and topology of the background makes it not only sometimes simpler than the theory of the first quantized strings (the multiloop computations or computations on the arbitrary curved background besides the narrow class of known solutions of the string Einstein equations are more than labour-consuming), but also permits to account such effects as the bifurcation of the background or backgrounds with nontrivial topological and analytical structure of the fractal type (with infinitely generated fundamental group). Thus, in the second paper from the unfinished series [3] there was explicated a quantum group structure of the self-interacting string field in general features (that hypothetically may connect the known string field approaches with the Vladimirov-Volovich adelic formalism [8] ). This paper is devoted to the more detailed discussion of the connection between string field theory and the quantum group theory. The first part contains an analysis of the quantum group structures in the geometric quantization of the self-interacting string field, whereas the second part will be devoted to the quantum dynamics of the transition processes in the string field theory (the so-called "string cosmological evolution"). Generally one may said that the quantum group phenomena naturally appear under a transition from the tree level of the string field theory to the consistent nonperturbative field description of the loop effects.
1. Infinite dimensional noncommutative geometry of a self-interacting string field [3] This paragraph contains an exposition of the main concepts of a string field theory (bosonic one for simplicity, the supercase needs in slight natural modifications) in the formalism of geometric quantization applied to a self-interacting string field (see [3] and also [4] ).
The main geometric (geometrodynamic) data of string field theory (as for a free field as for a self-interacting one) are: -The infinite dimensional linear space Q (or the dual Q * ) of external degrees of freedom of a string. The coordinates x µ n on Q are the Taylor coefficients of functions x µ (z) that determine the world-sheet of the string in the complexified target space.
-The flag manifold of the Virasoro-Bott group M (Vir) [9] of the internal degrees of freedom of the string, which is identified, via the Kirillov construction [10] , with the class S of univalent functions f (z); the natural coordinates on S are coefficients c k of the Taylor expansion of the univalent function f (z):
-The space C of the universal deformation of the complex disk [11] , with M (Vir) as the base and with fibers isomorphic to D + ; the coordinates on C are z, c 1 , c 2 , c 3 , ... c n , ..., where c k are the coordinates on the base and z is the coordinate on the fibers. -The space M (Vir) ⋉ Q * of both external and internal degrees of freedom of the string, or, equivalently, the bundle over M (Vir) associated with p : C → M (Vir) whose fibers are linear spaces Map(C/M (Vir); C n ) * dual to the spaces of mappings of fibers of p : C → M (Vir) into C n (here C n is a local chart on the background, see [3, 4] ).
-The space Ω SI BP (E h,c ) of semi-infinite Banks-Peskin differential forms, which are certain geometric objects on M (Vir) ⋉ Q * of rather complicated structure [3, 4] and constructed using the prequantization bundle over M (Vir), here h and c are the prequantization data, in particular c is the central charge (in general, it differs from the dimension of the background).
-Q is the natural geometric BRST-operator on Ω SI BP (E h,c ); Q 2 = 0 if and only if c = 26 (with arbitrary dimension of the background).
-The space Ω SI BP (E h,c ) * of Siegel string fields with (pseudo)Hermitian metric (·|·). -Q * is the Kato-Ogawa BRST-operator in the space of Siegel string fields conjugate to Q; it defines a new (pseudo)Hermitian metric ((·|·)) = (·|Q * |·) on Ω SI BP (E h,c ) * . -FG h,c (M (Vir)) is the Fock-plus-ghost bundle over M (Vir), whose sections are just the Banks-Peskin differential forms.
-The Gauss-Manin string connection ∇ GM on FG h,c (M (Vir)); its covariantly constant sections are the Bowick-Rajeev vacua.
-D ∇ GM is the covariant differential with respect to the Gauss-Manin string connection. Its nilpotency on the flat background implies the equality of the central charge to the background's dimension.
-The space Ω SI BP (E h,c ) * GI og gauge-invariant Siegel string fields, which is dual to the space of Bowick-rajeev vacua; this space possess a (pseudo)Hermitian metric (·|·) 0 , which is the restriction of the metric (·|·).
-Q * 0 is the Kato-Ogawa BRST-operator in the space of gauge-invariant Siegel string fields (Q * = D ∇ GM + Q * 0 ); the (pseudo)Hermitian metric ((·|·)) is just the restriction of ((·|·)) to Ω SI BP (E h,c ) * GI . The existence and nilpotency of the Kato-Ogawa BRST-operator on the flat background implies the equality of its dimension to 26. Equally with the constructed objects with the fixed values of h we shall consider their direct (discrete or continious) sums over all admissible h (in particular, Ω SI BP;c as the space of semi-infinite Banks-Peskin differential forms).
Note that the spaces of Banks-Peskin differential forms, Siegel string fields, gauge-invariant string fields, Bowick-Rajeev vacua are the superspaces and objects on them are also superobjects, but we omit the prefix "super" for simplicity. Formulas for the Virasoro algebra actions in all these spaces in the flat or curved background and for the BRST-operators are contained in [3, 4] . The list of datat above completely characterizes the free string field theory, the self-interaction claims to introduce additional algebraic structures. The main spaces of the theory (the spaces of the Banks-Peskin differential forms and Siegel string fields) does not depend on the background metric, which determines as geometrodynamic objects of the string field theory: (pseudo)Hermitian metrics on the mentioned spaces and BRST-operators, as the gauge characteristics -the Gauss-Manin string connection and the related covariant differential in the Fock-plus-ghost bundle. Note, however, that the metrics and BRST-operators in the spaces of Banks-Peskin differential forms and Siegel string fields, which are considered as abstract linear spaces, indistinguishable for various backgrounds (the independence of the second quantized string field theory from the background), the metric on the background is restored only under the consideration of the spaces as spaces of geometric objects on the space of both external and internal degrees of freedom of a string. It allows to give a traditional for the string field theory interpretation of metrics on the background and Yang-Mills fields as "low-temperature limits" of fields of closed and open strings (though the alternatives are possible, for example, to consider the components of Higgs fields for the Yang-Mills fields of Standard Model in the same sector as a gravitational one, i.e. in the closed string sector, in view of the presence of the subsidiary nonmetric degrees of freedom of cohomology of the Virasoro algebra with coefficients in string fields [4, 3] ). The flatness conditions for the Gauss-Manin connection (or, equivalently, for the nilpotency of the covariant differential) are just the string Einstein equations (which transform into ordinary ones in the "lowtemperature limit"). Therefore, the string Einstein equations may be also defined as conditions of the existence and the nilpotency of the Kato-Ogawa BRST-operator in the space of gauge-invariant Siegel string fields.
If the background does not obey the string Einstein equations then the Bowick-Rajeev vacua do not exist, there are some ways to construct string field theory in such situation, for example, to use the Bowick-Rajeev instantons [3] . The questions of (in)dependence of the resulted theories from the background as on the connected components of the space of solutions of the string Einstein equations as in whole are discussed in the second paper from the series [3] (see also refs wherein).
To formulate the self-interacting string field theory it is convenient to use the formalism of the local conformal field algebras, which is based on the ideas of the noncommutative geometry and which is exposed in details in the original papers [12] and a review [13] (see also [14] ).
Let us consider as in [3] the space Ω · BP;enl = Ω · (C * , Ω SI BP;c ) of enlarged Banks-Peskin differential forms (hereC * is the universal covering of the complex plane punctured at zero). Let us define also the space of the enlarged Siegel string fields Ω · sf ;enl = Ω · (C * , (Ω SI BP;c ) * ). Formulas for the action of the Virasoro algebra in the spaces Ω · BP;enl and Ω · sf ;enl are contained in [3] . Let us construct also the enlarged BRST-operators Q enl and Q * enl as exterior differentials in the spaces Ω · BP;enl and Ω · sf ;enl from the BRST-operators Q and Q * . Theorem 1 [3] . The space Ω · sf ;enl admits the structure of a BRST-invariant local conformal field algebra that is covariant with respect to the Gauss-Manin connection ∇ GM .
Thus, the space Ω · sf ;enl may be regarded as a noncommutative de Rham complex (cf. [15, 16] ) with respect to the enlarged BRST-operators. This complex is called the enlarged string field algebra. Relations of the enlarged string field algebra to the Aref 'eva-Volovich nonassociative string field algebra, which is realized in the space of Siegel string fields and which is a certain reduction of the associative enlarged string field algebra, are described in [3] .
The elements of the enlarged string field algebra Ω · sf ;enl form a Lie algebra under the commutator. This Lie algebra admits a central extension by the imaginary part of the (pseudo)Hermitian metric ((·|·)). Consider the connection forms onC * with values in (Ω SI BP;c ) * , i.e. gauge fields onC * valued in Siegel string fields; elements of Ω 0 sf ;enl realize the infinitesimal gauge transformations of these fields. These gauge transformations are closed (so we are in the situation of the Witten's string field theory of 1986 [5] ), the corresponding Lie algebra is called the Witten string Lie algebra and is denoted by wit (the circled arrow is the code for "string"). The space of ∇ GM -covariant elements of the Lie algebra wit is denoted by wit ∇ GM and is also called the witten string Lie algebra. The Witten string Lie algebra wit is just the central extension of the commutator algebra of the zero component of the enlarged string field algebra, which is described above.
The are canonical (Lie-Berezin) Poisson brackets on the space wit * (or wit * GM ) dual to the Witten string Lie algebra wit (or wit GM ), which can be quantized as such.
The Lie-Berezin brackets in the coadjoint representation of the Witten string Lie algebra may be reduced to the nonpolynomial brackets in the space of all functionals on the Banks-Peskin differential forms (or Bowick-Rajeev vacua), a procedure of the Hamiltonian reduction is described in [3] and follows the general scheme of reduction of Lie-Berezin brackets (see, for example, [17] ). These nonpolynomial brackets generate a Lie quasi(pseudo)algebra (quasialgebra in the terminology of [18] , see also [19] , and pseudoalgebra in the terminology of [17] ) of infinitesimal nonpolynomial gauge transformations. The nonpolynomial transformations on the space of Bowick-Rajeev vacua were considered in [7] ; they generate a Lie quasi(pseudo)algebra, which is denoted by zwie ∇ GM and is called the Zwiebach string Lie quasi(pseudo)algebra; the related quasi(pseudo)algebra on the space of Banks-Peskin differential forms is denoted by zwie and has the same name. Nonpolynomial brackets are realized in functionals on the space zwie * (or zwie * ∇ GM ) dual to the Lie quasi(pseudo)algebra zwie (or zwie ∇ GM ). The Zwiebach string Lie quasi(pseudo)algebra may be obtained from the Aref'eva-Volovich nonassociative string field algebra as its "commutator" algebra. More precisely, the higher operations of the constructed from the Zwiebach string Lie quasi(pseudo)algebra are just the higher commutators in the Aref'eva-Volovich nonassociative string field algebra.
Thus, the nonpolynomial string field theory [7] in the space of Banks-Peskin differential forms (or Bowick-Rajeev vacua) can be obtained from the cubic Wittentype string field theory [5] in the enlarged space by use of the Hamiltonian reduction. Moreover, the approach of the papers [7] on the nonpolynomial field theory appears to be equivalent to the approach of I.Ya.Aref'eva and I.V.Volovich [6] based on the nonassociative string field algebra.
Quantum group structure of a self-interacting string field
Note that there are two ways to quantize the self-interacting string field. First, one may quantize the nonpolynomial Poisson brackets themselves, for instance in the formalism of asymptotic quantization [17] . Second, quantum theory may be obtained by a quantum reduction of the quantized Lie-Berezin brackets on the space wit ∇ GM ; in this case the algebra of quantum observables is identified with certain quantum reduction of the universal envelopping algebra U( wit ∇ GM ) of the Witten string Lie algebra. Both variants are of a undoubtful interest from the mathematical point of view and look rather natural. However, below we shall try to unravel a very important nuance significantly changing the initial "naïve" point of view.
We stress that the objects constructed above describe a self-interacting string field theory only on the tree level, i.e. define the so-called "classical string field theory" in the terminology of [21] . To describe the string field theory completely and consistently in the nonperturbative mode it is necessary to use the following crucial result. Theorem 2 [3] . The Witten string Lie algebra wit ∇ GM ) (or wit) admits the structure of a Lie bialgebra.
Proof of this theorem is based on the auxiliary statement that the enlarged string field algebra is a crossing-algebra [3] .
Thus, there is explicated a quantum group structure of a self-interacting string field theory on the quasiclassical level (cf. [22, 17] ). So on the quantum level [23] the algebra of observables is described by the quantum universal envelopping algebra U q ( wit ∇ GM ) (or U q ( wit)), or, precisely, by some its quantum reduction, however, the explicit construction of such infinite dimensional Hopf algebra is not known. Before to pass to a description of the quantum algebra of observables for the selfinteacting string field theory in the concrete cases let us examine the process of reduction on the quasiclassical level, otherwords, determine in what the Witten string Lie bialgebra is transformed under the reduction of the Lie-Berezin brackets constructed from the Witten string Lie algebra to the nonpolynomial Poisson brackets (remind, that the Witten string Lie algebra itself transforms into the Zwiebach string Lie quasi(pseudo)algebra).
Theorem 3. The Zwiebach string Lie quasi(pseudo)algebra zwie ∇ GM (or zwie) admits the structure of the cojacobian quasibialgebra.
Cojacobian quasibialgebras [24] form a class of Lie protobialgebras dual to the jacobian quasibialgebras (Lie quasibialgebras in the terminology of V.G.Drinfeld [25] ).
To prove the theorem one should apply a reduction to the double of the witten string Lie bialgebra with a translation invariant bracket.
Remind that the cojacobian quasibialgebras are the infinitesimal objects for the Poisson quasigroups [24] (whereas the jacobian quasibialgebras -for quasiPoisson Lie groups [25] ). Thus, the Zwiebach string Lie quasibialgebra realizes a quasiclassical version of the nonlinear geometric algebra [26] on the infinitesimal level, whose purely quantum version is not known nowadays. A relation between the structure of cojacobian quasibialgebra and such object of the nonlinear geometric algebra as Sabinin-Mikheev multialgebra was explicated in [24] . A specific character of the infinite dimensional situation is in the fact that perhaps none global quasigroup corresponds to the mentioned infinitesimal objects.
Let us pass now from the quasiclassics to the explicit construction of the (enlarged) quantum algebra of observables U q ( wit ∇ GM ) in the concerete cases (and without acoount of ghosts, i.e. in the Fock sector, for simplicity). Consider a flat compact background isomorphic to the quotient of the euclidean space by the root lattice of the semisimple Lie algebra g. In this case the enlarged string field algebra in the space of enlarged gauge-invariant Siegel string fields Ω 0 sf ;enl (more precisely, in its Fock sector Ω 0 sf ;enl;F ) is a local conformal field algebra received by a renormalization of the pointwise product of operator fields [3, 13, 14] (see also [27] ) from the vertex operator algebra constructed by this lattice [28] . Hence, the linear space Ω 0 sf ;enl;F may be identified with the space U(ĝ + ))[[t]] of semi-infinite formal power series with coefficients in the universal envelopping algebra of the positive (nonnegative) component of the Kac-Moody algebra g + . Note that the vertex operator algebra is generated by its currents (primary fields of spin 1), the components of which from the Kac-Moody algebraĝ, therefore the enlarged string field algebra is a quotient of the universal envelopping algebra U(ĝ) of the Lie algebraĝ by its ideal J . Therefore, the Witten string Lie algebra wit ∇ GM ;F (the symbol F means the Fock sector) is a quotient of the commutator algebra U [·,·] (ĝ) by the ideal J [·,·] . The quantum version of the Witten string Lie algebra can be obtained in the following way: consider the quantum universal envelopping algebra U q (ĝ) supplied by the q-commutator; in view of an existence of the q-vertex construction for this algebra, the ideal J can be deformed to an ideal J q of the algebra U q (ĝ), which is closed under the q-commutator; the relations between the elements of U q (ĝ)/J q defined by q-commutator are just the defining ones in the quantum Witten string algebra U q ( wit ∇ GM ;F ).
Note taht in this important for the string theory class of examples on the intermediate step of the construction of the quantum Witten string algebra realizing a quantum version of gauge symmetries of string fields an object (enlarged string field algebra), which is natural to be considered from point of view of the 2-loop formalism in theories of strings and integrable systems [29] , appeared. Moreover, it will be too interesting to examine how the modular invariance of the first quantized string explicates itself in the quantum group formalism of the nonperturbative string field theory.
Thus, various quantum group structures of the string field theory as on the quasiclassical as on the quantum levels were explored in the paper. General statements were formulated, examples were examined, new aspects of the theory of quantum groups were demonstrated (i.e. relations to the nonlinear geometric algebra, namely, the quasiclassical versions of so-called "quantum quasigroups" and "quantum loops") in the context of the second quantization of a string under a transition from the tree level to the consistent account of the loop effects in nonperturbative string field theory.
